The history of Laplace's equations for spherical and cylindrical droplets and the concept of dividing surface in Gibbs' thermodynamic theory of capillary phenomena are briefly reviewed. The existing theories of surface tensions of cylindrical droplets are briefly reviewed too. For cylindrical droplets, a new method to calculate the radius and the surface tension of the surface of tension is given. This method is suitable to be used by molecular dynamics simulations.
Introduction
Capillary phenomena have puzzled human beings since ancient Greece [1] . The rise of water in thin capillaries seems to contradict Newton's law of gravity. Isaac Newton himself mentioned capillary phenomena in his book Opticks [1, 2] . Newton's assistant F Hauksbee observed that the capillary rise of water depends only on the internal diameter of the tube [3] . Therefore, the rise of water in thin tubes could not be interpreted by the gravitational interactions between water and the tube.
Although the concept of the atom had already emerged in ancient Greece, the existence of atoms was not demonstrated experimentally until 1907 by Rutherford and H W Geiger [4, 5] . The success of Newtonian mechanics led to many attempts to interpret capillary phenomena in terms of interactions between particles. Long before the concept of molecule or particle had been demonstrated experimentally, many scientists who investigated the theories of gases and liquids had widely accepted a speculation that the structure of matter is discrete. Pierre Simon Laplace and others believed that there exists a strong but short-range attractive force between molecules. Based on a concept of internal pressure, Laplace [6, 7] derived a relationship between the surface tension, the pressures of the liquid phase and the vapour phase 80 X Wang and R Zhu of a spherical droplet. This relationship was derived independently by Thomas Young [3] . Lord Kelvin also obtained this equation in 1858-1859 [8, 9] . This equation can be written as
where p α and p β are the bulk pressures of the liquid phase and the vapour phase, respectively, σ is the surface tension of the liquid-gas interface and R is the radius of the spherical droplet. Equation (1) is now called the Young-Laplace-Kelvin equation or Laplace's equation. Laplace's theory of capillary phenomena is called molecular mechanics.
Since molecular mechanics failed to produce more quantitative results, this theory of gases and liquids did not develop further. Laplace and Young's works in the field of capillary phenomena were further developed by Poisson, Maxwell, van der Waals, Gibbs, etc. It was not until the establishment of thermodynamics that the capillary phenomena could be understood successfully.
The establishment of the second law of thermodynamics in the middle of the 19th century may be considered as a sign of the rise of thermodynamics. It is a natural idea to derive Laplace's equation (equation (1)) rigorously based on thermodynamics. Indeed, Gibbs developed a rigorous theory of the phenomena of surface tension by the methods of thermodynamics [10] . He derived and generalized Laplace's equation (equation (1)) based on the concept of a dividing surface.
In 1997, Mareschal et al [11] carried out molecular dynamics simulations to study the surface tensions of cylindrical droplets for the first time. Later, several research groups studied different properties of cylindrical droplets by molecular dynamics simulations [12] [13] [14] [15] .
However, there still exists controversy on the curvature dependence of surface tension of spherical and cylindrical droplets [12] [13] [14] [15] [16] [17] [18] . Further experimental, computational and theoretical investigations on the curvature dependence of surface tension of spherical and cylindrical droplets are needed.
The purpose of this paper is to derive a formula for the location of the surface of the tension and its surface tension for cylindrical droplets, which is somewhat different from those given by the previous authors, and can be carried out by methods of molecular dynamics simulations. As necessary preparation, in section 2, we will recall the definition of dividing surface in Gibbs' theory of capillary phenomena and the existing theories of surface tensions of cylindrical droplets.
The theoretical derivation is a typical application of Gibbs' theory of capillary phenomena. It is also a suitable problem in introductory lectures in the field of thermodynamic theory of capillary phenomena for graduate or postgraduate.
Brief review of the definition of dividing surface and theories of surface tensions of cylindrical droplets

The definition of dividing surface
First, we recall the definition of dividing surface in Gibbs' theory of capillary phenomena. Detailed discussion of the dividing surface can be found in [7, 10, 19] .
Let us consider a liquid-vapour coexisting system with total volume V and total molecular number N. Both experiments [20, 21] and computer simulations [12, 13, 15, 22, 23] of liquidvapour systems have observed that it is in fact a continuous system with non-zero thickness liquid-vapour transition layers.
The gradient of density at any point r is nonzero in this liquid-vapor transition layers. According to Gibbs [10] , we can always choose a parallel set of mathematical surfaces which are everywhere perpendicular to the density gradient. Any one of these mathematical surfaces can be chosen to be what Gibbs calls the dividing surface. An illustration of the dividing surface S is shown in figure 2 . This dividing surface S divides this liquid-vapor coexisting system into two bulk phases, the liquid phase α and the vapour phase β.
Once the dividing surface S is chosen, the original continuous system is represented by a model system: uniform liquid phase α with volume V α and molecule number N α , uniform vapour phase β with volume V β and molecule number N α and geometrical dividing surface S with molecule number N s . We have
The extensive properties of phase α of the model system, that is, number of molecules N α , energy U α , etc, are defined by the equations
where ρ α is the molecule number density of the phase α and φ α is the energy density of the phase α.
In general, the sums N α + N β , U α + U β , etc are not equal to the total values of the whole system, N, U, etc. The differences are defined as the surface quantities
where U s is the energy of the surface. The surface quantities N s and U s may be positive or negative. We can choose a dividing surface to make N s = 0, then, this one is called the equimolar surface.
Based on the concept of the dividing surface, Gibbs' generalized Laplace's equation for spherical droplets can be written as [7, 19] 
where R is the radius of a dividing surface, σ (R) is the mechanical surface tension corresponding the dividing surface. The differential in square brackets denotes changes that follow from a notional change in the position of dividing surface [7, 19, 24] , which affects only the description of the system, and does not correspond to any physical change. For the particular dividing surface such that the second term on the right-hand side of equation (5) vanishes, Gibbs called it a surface of tension [10] . From equation (5), we see that Laplace's equation (equation (1)) is valid only at the surface of tension. The first derivative vanishing means that the surface tension of the surface of tension is the extremum of the function of R.
In 1992, Nijmeijer et al [25] obtained the following generalized Laplace's equation for cylindrical droplets (refer to figures 1 and 2)
The same as for spherical droplets, the condition of the surface of the tension for cylindrical droplets is 
The existing theories of the surface tension of cylindrical droplets
In this section, we recall some methods to calculate the surface tensions and radii of Gibbs' surface of tension of cylindrical droplets. Consider a single-component cylindrical liquid droplet with its vapour. An illustration of this liquid-vapour system is shown in figure 1 .
It is convenient to choose cylindrical coordinates for a cylindrical droplet system. We choose the centre of the cylindrical droplet as the origin of the cylindrical coordinates. Due to the cylindrical and transitional symmetry of the system, the physical quantities do not depend on z and angle θ . Thus, the pressure tensor can be written in the form
where r is the distance between the point and the axis of the cylindrical droplet, p N (r) and p T (r) are the normal and transverse components of the pressure tensor. The pressure tensor P (r) can also be written in the following form [15] :
where e r , e θ , e z are orthogonal unit vectors. According to fluid mechanics [26] [27] [28] , the condition of mechanical equilibrium is
where ∇· is the symbol of divergence operation of tensor. From equation (10), we have [14] ∂p N (r) ∂r
For convenience, we introduce the following notation:
where R is the radius of an arbitrary dividing surface, r is the distance between the point and the axis of the cylindrical droplet. Wei [14] and Kim et al [15] obtained the following result for the surface tension σ (R) in the sense of the mechanical definition
where R is the radius of an arbitrary dividing surface, σ (R) is the mechanical surface tension with respect to an arbitrary dividing surface R, R α < R and R β > R are two arbitrary positive integration boundaries. In 2006, Kim et al [15] derived the following results for the surface tension and the radius of the surface of tension
where p N (r) is the normal component of the pressure tensor, R s is the radius of the surface of tension, σ (R s ) is the surface tension corresponding to the surface of tension R s .
A new method to calculate the radius of the surface of tension and the surface tension
The purpose of this section is to give a new method to calculate the radius of the surface of tension R s and the surface tension σ (R s ). The basis of this derivation is two basic concepts in Gibbs' thermodynamic theory of capillary phenomena, i.e., the dividing surface and the surface of tension. Our starting point is a result about the mechanical surface tension σ (R), i.e., equation (13) . For convenience, we introduce the following notation:
where R is the radius of an arbitrary dividing surface, p α and p β are the pressures of the liquid phase and the vapour phase, respectively, r is the distance between a point and the axis of the cylindrical droplet, R α < R and R β > R are two arbitrary positive integration boundaries. Then, using this notation and equations (16) and (17) in equation (13), we have
Now we first calculate the quantity H (R) in equation (18) . Direct integration of equation (17) gives
From equations (18) and (19), we have
From equation (20) we see that the mechanical surface tension σ (R) exists for each dividing surface with radius R. Since there are infinitely many dividing surfaces, the value of the mechanical surface tension σ (R) is not unique. For each dividing surface with radius R, the mechanical surface tension σ (R) satisfies the generalized Laplace's equation (equation (6)). Equation (20) can also be written as
Therefore, comparing with the generalized Laplace's equation (equation (6)), equation (21) may also be regarded as a generalized Laplace's equation. Now we introduce the following notation:
Thus, using this notation and equations (16) and (17) in equation (20), we have
Figure 3. Mechanical surface tension described by equation (24) . The data of the parameters in equation (24) are set to be c = 0.0505 and a = 1.107, which are taken from our molecular dynamics simulation results of the surface tensions of a cylindrical droplet system with 1105 argon molecules.
An illustration of the mechanical surface tension σ (R) described in equation (24) is shown in figure 3 . Figure 3 shows that the mechanical surface tension σ (R) increases dramatically as the radius of dividing surface decreases. However, when the radius of dividing surface increases, the mechanical surface tension σ (R) increases rather slowly. From figure 3 , we see that there exists a minimum value of the mechanical surface tension σ (R). This fact has already been demonstrated rigorously by Gibbs [10] . This minimum value of the mechanical surface tension σ (R) is called surface tension and the dividing surface corresponding to surface tension is called the surface of tension by Gibbs [10] . Now let us determine the minimum value of the mechanical surface tension σ (R) mathematically. From equations (7) and (24), we have
where R s is the radius of the surface of tension. In general, we have p α − p β 0. Thus, if a 0, then equation (25) becomes
The value of σ (R s ) is
From equations (26) and (27), we see that our method for surface tensions of cylindrical droplets can be carried out by molecular dynamics simulations.
To study the physical meaning of the two terms in equation (24), we obtain the following results from equations (26) and (27) :
From equation (28) , equation (24) can be written as
The physical origin of the mechanical surface tension σ (R) shown in figure 3 is illustrated by equation (29).
Conclusion
The history of Laplace's equations for spherical and cylindrical droplets and the concept of dividing surface in Gibbs' thermodynamic theory of capillary phenomena are briefly reviewed. The existing theories of surface tension of cylindrical droplets are briefly reviewed too. For cylindrical droplets, a new method to calculate the radius of the surface of tension and the surface tension is given. This method is suitable to be carried out by molecular dynamics simulations.
The theoretical derivation of the location of the surface of tension of a cylindrical droplet is a typical and suitable problem in introductory lectures in the field of thermodynamic theory of capillary phenomena. It may be helpful for graduate or postgraduate beginners to grasp Gibbs' concepts of dividing surface and surface of tension. Nowadays, the capillary phenomena in nanoscale are a field full of puzzles, controversies and challenges. Since so many great scientists in history connected with capillary phenomena, the historical materials presented here may be valuable to encouraging graduate or postgraduate students to take part in the investigations of capillary phenomena in nanoscale.
